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ABSTRACT: This paper extends the authors’ method of calculating average physical properties of ideal nonlinear,
stepwise polymerizations to systems with nonequally reactive functional groups. Two special cases are considered
in detail: Ay + Ag + By, where the two B units comprising a Bs monomer react at different rates; and A; + Ay + By,
where one or two A units on the Ay monomer may react at different (slower) rates than the remaining A’s. Weight av-
erage molecular weight, the gel point, weight fraction solubles, and cross-link density are derived. These properties
are calculated for several systems with unequal, first-order reaction rates and are compared to the corresponding
properties for the analogous ideal systems. It is indicated how to extend this approach to other systems with unequal

reactivity.

Recently we described a new method for calculating aver-
age physical properties such as average molecular weights, gel
point, weight fraction solubles, and cross-link density of
nonlinear polymers.3# This method uses elementary proba-
bility laws and the recursive nature of network polymer
structures to calculate average properties directly. Previous
treatments either (i) first calculate the distribution of all
species and then use these distributions to calculate average
properties®® or (ii) use the rather sophisticated technique of
probability generating functions.”

In our papers,®* we consider only ideal network polymer-
izations, that is: (1) all functional groups of the same type are
equally reactive, (2) all functional groups react independently
of one another, (3) no intramolecular reactions occur in finite
species. Although polymerizations can be selected which very
nearly obey these assumptions most practical network forming
systems do not.

In this paper we treat the effect of deviations from the first
assumption, namely functional groups of unequal reactivity,
on relations for the weight average molecular weight, gel point,
weight fraction solubles, and cross-link density. We shall look
at particular examples; it is possible to treat the problem with
generality using our technique, however, the necessary nota-
tion would tend to obscure the simplicity of the technique. We
hope the reader will be able to analyze any systems of interest
to him after reading our work. In later papers we plan to deal
with departures from the other assumptions.

There appear to be only a few specific treatments of unequal
reactivities in the polymer literature.’-1 There do not appear
to be explicit structure property relations available for the
chemist or engineer to test experimental results. Note however
that unequal reactivity is actually a special case of general first
shell substitution treated by Gordon and Scantlebury? with
branching theory. In later work we shall apply our technique
to first shell substitution effects. That analysis, however, re-
quires slightly more sophistication than is used here. Also
there is a chemical distinction between unequal reactivity and
substitution effects. Thus separate treatments may be more
accessible to potential users of our technique. Consequently
this paper is devoted to a simpler analysis of only unequal
reactivity.

A number of important network systems involve monomers
with groups of different reactivity. For example the polyes-
terification of glycerine involves two primary hydroxyls and
a secondary which is about four times less reactive.!! Urethane
networks are frequently formed with 2,4-toluene diisocyanate
whose ortho NCO is about seven times more reactive than its
para NCO.8:12 Likewise in the oldest synthetic polymer net-
work reaction, phenol-formaldehyde, the ortho and para
hydrogens react at different rates.!3
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A detailed treatment of the following two systems will be
presented:

A + Ay + BwB2 — network polymer (1)

where the two B units comprising a B, monomer react at dif-
ferent rates; and

A ¢ +Ay + By — network polymer 2)

where one or two A units on an Ay monomer react at different
rates from the remaining A’s. An indication of the treat-
ment

Af1+Af2+...+Afk+Bg1+...+th" (3)

where some or all of the A’s react at different rates, will be
presented. Finally the homopolymerization

Ay — network 4)

will be discussed for the case of unequal reactivity. All reac-
tions are step-wise polymerizations.

The technique presented here is an extension of our pre-
vious method.3414 It is based on the recursive nature of the
nonlinear polymer and the following elementary laws from
probability theory: the law of total probability,

P(A) = P(A|B)P(B) + P(A|B)P(B) (5)
and the law of total probability for expectation,
E(X) = E(X|B)P(B) + E(X|B)P(B) (6)

These results appear in virtually all texts on probability
theory. Ross!® is a good reference.
M., Weight Average Molecular Weight

It is customary to consider average properties as functions
of extent of reaction. However, in systems with unequal re-
activity the extent of reaction at any time will be a vector.” For
example, for the system in eq 1 we can define

palt)=(A—A)/A (7
and ‘
q:¢) = (B! — B,))/Bt,

Here as previously®+ we use the letter A to represent the initial
moles of A-type groups and A; equals the moles of unreacted
A units remaining after some reaction time ¢ and similarly for
B! It follows that

pa(t) = (B — B;)/B = Y(q:1(t) + q2(t)) (9)
and furthermore that
pe(t)2B3 = pal(t)(fA; + 24A2)
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i=12 (8)

(10)
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Letting r represent the stoichiometric balance

- fAf + 24,
2B,
gives

pB(t) =rpalt) (11)

The extent of reaction of the system in eq 1 at time ¢ is
then

In the remainder of this paper we shall derive various av-
erages in terms of a vector-valued extent of reaction. In general
it is not easy to experimentally determine the extent of reac-
tion vector, eq 12. Usually monofunctional A, is reacted with
B1wB2? and a method must be found to distinguish between
the rates of formation of the two species:

i AB'——B?
/

2

~

A + B—P

B'~~B‘A

It is assumed that these rates are independent of the type of
A-bearing molecule, A; or A;. In order to relate k; and k3 to
g1 and g9, we need some information on the polymerization
kinetics. Some of these relations are developed in the Ap-
pendix. The property expressions are developed below as-
suming that the extent of reaction vector is available.

Ar + Ay + BIwB2, As before,? consider Ay mol of f func-
tional A-type monomer and As mol of bifunctional reacting
with Bg mol of B-type monomer which have groups of two
different reactivities, B! and B2, This polymerization is shown
schematically in Figure 1.

Let this system polymerize to an extent p 5 of the A groups,
g1 of the BY’s, and ¢ of the B¥s. Now we pick a Bl group at
random and ask what is the weight Wg1°9t looking out of the
B, molecule, in the direction 2>? If this B! group does not
react, an event with probability 1 — ¢, Wgi1°ut will equal zero.
If this B! group reacts with an Ay unit, Wgi°*t will equal WA,in,
the weight looking in from an Ay unit (along arrow No. 3 in
Figure 1); if it reacts with an Ag, Wg1°Ut will equal W4,/ the
weight looking in from an A, unit. Letting as equal the pro-
portion of A groups belonging to Ay’s, these events have
probabilities qqas and ¢1(1 = ay), respectively. The expected
weight looking out from a Bl unit can now be obtained using
the law of total probability for expectation, eq 6:

E ( ngo“‘t)
= E(Wg1°ut|EL does not react) P(B! does not react)
+ E(Wgi94t| B! reacts with Af) P(B! reacts with Ay)
+ E(Wgiout| Bl reacts with Ay) P(B! reacts with Ay)
= E(0)(1 — q1) + E(W4,®) gra5 + E(W4,™)g1(1 — ay)
= qiafE(Wa,™) + (1 — ap) E(Wa,™)]  (13a)
The expression for the expected weight attached to a B2 group
in the direction 2> will be similar, except of course that the B2
groups have a different reactivity and thus extent of reaction
go.
E(Wgeowt) = go[arE(Wa, ) + (1 — af) E(Wa,™)]  (13b)
Following the other arrows in Figure 1 we can write the

relations for the expected weight looking into an A group on
an Ay molecule 2> and the weight looking into an A as

E(Wain) = My, + (f = 1NE(W0u) (13¢)
E(W4,n) = Ma, + E(Waout) (13d)

Since all the A’s are equally reactive looking out from any A
group will be equivalent.
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Figure 1. Schematic of network polymerization of Ay + Ag +
BlwB2

;
E(Waout) = py [ E(Wgiin)
41+ Qo
+ E(WBz"‘)] (13e)
41+ g2
Finally looking intw a B! group gives
E(Wgi™) = My, + E(Wpeout) (13f)
While looking into a B gives
E(Wgdn) = My, + E(Wgow) (13g)
Note that
ar = fAF/(FA; + 245) (14)

From eq 9 we get a slight simplification: if r = A/B then 2par
= gy + g2 This simplifies eq 13e.
Solving the system of eq 13 gives

G14g

E(Waout) = [ AMg, + (1 —ai] Ma, + a/MA,)]/

{1 M2(1+(f—2)a,)]

E(Wp,o%) = ¢;[(1 = ap) M, + apbl s
+ {1+~ 2)ap) E(Waou)]  (15)

The expected weight attached to a randomly chosen Aj is
E(Wa,) = My, + 2E(W "), the expected weight attached
toan Ay is E{Wa,) = M, + fE(Wa98Y); the weight attached
toaBgis Mp, + E(Wg2"t) + E(Wgiout) = E(Wy,). If we pick
a unit of mass at random by weight, then we pick an Ay with
probability M a,Aq/ (M a4 + MaAf + Mr,Bs), and so forth.
Thus

Ma,AE(Wa,) + My, AE(Wa,) + Mp,BoE(Wg,)

M, = ,
¥ Ma,do + M Ap + My,B.

(16)

Substituting into eq 16 will vield numerical results. We do not
derive a final expression for M., in closed form because it
would be algebraicallv complicated and to evaluate it for
different numerical values wouid probably require breaking
it back down into eg 15. We have calculated M, for the system
Ar+ Ay + BiwB2{orr = 1 as a function of p4, the extent of
reaction of A's. Eguation A4 gives the relation between g; and
p = ki/ke. Bome of these calculations are plotted in Figure 2.
We note that the shape of the M, vs. p curves is not altered
greatly with increasing p. The curves appear to shift to the
right with increasing g.

Ar + Az + By, We now consider the system described in eq
2 in which As consists of h; Al units which react at rate k1,
hy AZunits whicnreact atrate kg, andf —h; —~ho=hy A3
units which react at rate k3. Both A units of the As monomer
react at rate k1. The B's are equally reactive. Analogous to eq
13 we have
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Figure 2, L(?g M wVS. DA for polymerization of Az with BlwwB2 where
11311 and gZdlffer in reactivity in the ratio k1/ks = p; Ma, = 1000 and
B = .

E(Waout)y =q E(Wg®) i=1,2,3
E(Wgir) = Mg, + E(Wg°ut)
E(WBout)

@] £ BB Wagin) | + 1 = a)gsB W

= PB )
(af/f)[;1 hiQi] + (1 —ap)q1

higiE(Wa, i) + r(1 — a)q1E(Wa,i)

=%
fi=1
) 3
E(WAfi“‘) = MA, + ]ElhjE(WAjO“t) —E(Wuout)y 1 =1,2,3
E(Wa,in) = My, + E(Wy,°%) (17)

where g1 is the extent of reaction of the A groups which react
at rate k1; g9 and g3 are defined similarly. Solving gives

E(WBout) =
lg[[M S 3”2_‘3“2]
I3 Af; idi Bz((; thz) ;’h‘h)
+r(l = af)q1(MA2 + q1MB2),

— (18)
ra 3 2 3
1= (£ )’ - £ hiat| - ra - apa
and
E(Waiovt) = q;(Mg, + E(Wp°uY))
E(Wa,) = Ma, + 2E(Wa1°%)
3
E(Wa;) = My, + gl h;E (W aiout) (19)

E(Wg,) = Mg, + 2E(Wg°™)
Thus asineq 16
M. = MAZAZE(WAz) + MAfAJ'E(WAf) + Mp,BoE(Wg,)
v MA2A2+MAfA/+M}3232

(20)

For the special case A3 + Bowithr =1, h; =2, hg=1eq 20
becomes

Macromolecules

Il — 1
50 55 &0 £5 70 75
B EXTENT OF REACTION

Figure 3. Log M, vs. pa for polymerization of

Al Al
\AC

with Bo where Al and A2 differ in reactivity in the ratio k1/ke = p; Ma,
= 92 and Mg, = 168.

. = QM 5,2 + 3Mp,?
w = —s "B
2M s, + 3Mp,

18(paMa, + Mp,)*
(ZM a4 + 3MB,)(3 = 201% — 4q1q2)

Substituting eq 18 into eq 19 and then substituting eq 19 into
eq 20 gives M, in terms of the extent of reaction vector (g1,
g3, g3). As discussed in the Appendix this can be determined
as a function of pa, thus it is possible to evaluate eq 20 for
different values of pa. We have done this numerically for the
example of eq 21. The results are shown in Figure 3. Qualita-
tively the results are very similar to Az + B! v« B2 shown in
Figure 2. The A3 + B! » B2 system appears to be more sen-
sitive to small changes in p, the reactivity ratio.

Af+Ap+... A +Bg + By, +... + By, In this general
situation we get the following system of equations, which are
quite similar in form to those in ref 3.

E(Wg, ™) = Mg, + (g; — 1)(E(Wg®™))

5 & (ap/f)qi EWa, i)

1
=1 =1

. 7
2 1(af,/fi)(h,j

i=1j=

fi] (/s E(Way 12)
p2

(21)

ji=1..,1

pt

E(Wg°) = pp

M=

=r
i=1

E(Wy,, i) =My, + f’: E(WA n0ut) = E(W 4, j°%)
n=1

! .
E(Wya, %) =g, );1 be, E(Wg,, ™) (22)

In theory these can be solved and then we can proceed as in
the previous case. Of course the main difficulty is an experi-
mental one, to determine the extent of reaction array gq; ;.
A Homopolymerization. Finally we consider weight av-
erage molecular weight of the A; homopolymerization with
unequal reactivity. We shall consider the special case of A3

homopolymerization. The recursive equations are
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Figure 4. The effect of reactivity ratio on gel point for several As +
BlwB2systems. Predictions from eq 9, 24, and A4: solid lines for A4
+ Biw»BZ broken lines for Az + BlwB2,

E(Warout) = g1 E(Warin) + q16E(Waoi?)
E(W00ut) = qooE(Wa0®) + go1 E(Warih)
E(Waiin) = Ma, + 2E(W p00W)

E(Waoin) = Ma, + E(Waoout) + E(War1out) (23)

where g;; is defined in the Appendix eq A16. Solving eq 23
gives

E(W gout)

(g11 + q10)(1 — goo — 2910) + (2911 + q10)(qoo + Go1) M
(1 = q10)(1 = qoo — 2q01) — (2911 *+ q10)900

Ag

E(WAoout)

_ (1~ gw(goo+ go1) + qoolq11 + g10) A
(1 = q10)(1 = goo — 2q10) — Goo(2q11 + q10) = °

and
M, = My, + E(War0ut) + 2E(W p00ut)

M., can be given in terms of the reaction rates and pa by
solving for the extent of reaction vector (goo, o1, ¢10, 911) in
terms of pa.

The Gel Point

Gelation occurs when weight average molecular weight
diverges. For the system As + Ay + B1»B2it can be seen that
eq 15 diverge when

1-HE 0+ (= 2)ap =0

This is the definition of gel point for our model. Thus the
following system of equations determine the extent of reaction
at the gel point:

r= Q192 (1+ (f — 2)af) (24)
1= q1,9=(1—qo,,)° (from first-order kinetics) (A4)

2pBgel = 2rpAgel = QIgel + ngel (9)

We solve equations numerically for various systems and pge
and (g1)ge are plotted as a function of p (the ratio of reaction
rates) for various systems in Figure 4.

From the graph we see that a simple urethane network
forming system using 2,4-toluene diisocyanate, p ~ 7 (ref 12),
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Figure 5. The effect of reactivity ratios on gel point, (pa)gel, for
network formation.

and a polyester triol will gel at p = 0.75 rather than 0.707 as
predicted under the ideal assumptions. Conversely an un-
known reactivity ratio can be calculated from the experi-
mental gel point. If the reaction order near pg is other than
1, eq A5 is used. For example for second order (1 = g1)/q1 =
(1 — q2)/pq2. In general we see that as p increases all of the
more reactive groups, B, have reacted by the gel point. Thus
in the limiting case as p — =, (g1)gel = 1.0, (q2)get = r/(1 + (f
— 2)ay) and pgel = (1 + g2)ge1/(2r). Since nearly all real systems
have f < 6, these limits are good approximations at p > 12.

For the system As + Ay + Bs of eq 2 it can be seen that eq
18 diverges when

3 2 3
1= E;‘Z [ <§1 hiQi) - ;1 hi‘?iz] —r(l —ap)g:® (25)
Thus the extent of reaction at the gel point is determined by
eq 25 and

(1= qy)l/kr= (1 = gg)t/k2 = (1 — gg)1/ks (A9)

pa=(alp) ¥ ahi+ (L =aas (A7)

These equations can be solved numerically for various sys-
tems. We have done this and plotted pge-contours for Az +
B, and A4 + By in Figures 5 and 6, where p; = k1/ko, p2 =
ki/ks, and r = 1. We also see how complex determination of
the gel point becomes if three reactivities are possible for the
functional groups. Since it cannot matter if we interchange
p1 and pg, the plots are symetric about p; = pe.

It is important to remember that other nonidealities in the
polymerization such as substitution effects or loop formation
will also increase p 1. In practice it may be difficult to separate
these effects.

Average Postgel Properties.

In this section we compute average properties of network
polymerization in the postgel region. We compute weight
fraction solubles and concentration of effective cross-links for
the system of eq 1 and 2.

Consider the system A; + Ay + BlwB? with B’s unequally
reactive. Let F5°ut be the event that, looking out from a ran-
dom A unit, we see only a finite chain (a dangling chain). As
in our earlier work* we compute average network parameters
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Figure 6. The effect of reactivity ratios on gel point for
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from P(F4ut). We now compute P(F4°u) for the system of
eq 1, using eq &:

P(Fyo) = (1= p)

q1 ; g2 i
+ P(Fgi) + P(ngm)]
p[fh‘i'f]z B q1+ Q2

P(Fpiit) = P(Fgoot), |5
P(Fgiout) = 1 — q; + q;[(1 — ap) P(Fa,™) + afP(Fa/»)]
P(FALm) = (P(FAOL‘t))i"l, [ = 2,f (26)

Solving system 26 gives
P(Faott) =1 — 9192 | D192 [(1 = a)P(F o)
r r

+ s (P(F o)/ -1] (27)
Thus P(F4°4) is a solution of the equation

x = 1_9_151_2 + g_ﬁg[(l —a,-)x+afxf‘1] (28)
r r

We can appeal to the theory of branching processes and lealjn
that there can be at most one root of eq 28 between 0 and 1in
which case that is the desired root otherwise P(F%%t) = 1. For
the special case f = 3,

1 .

P(Fsont) = 2. <._7;_ — 1)

23 \q142
if it is between 0 and 1. As discussed above, given p we can find
g1 and g, numerically. Then eq 28 can easily be solved nu-
merically, giving P(F 5%} as a function of p, r, ay, and p =
ki/ko.

Using P(F4°) the weight fraction solubles become (note
eq 39, ref 4)
Wse
M p,Ag(P(Fsou1))2 + MA/:Af(P(FAom))f
+ Mg,B QP(FBLO‘}‘)P(FB?’“‘)

= - (29)
My, Az + ]WAJ,A,' + Mp,Bs

where
P(Fgiott) = 1 — g; + q;({1 — af)P(F %) + a7 (P(F0ut))/~1)
(30)

Macromolecules

Figu_re 7. The effect of reactivity ratio on post gel properties, weight
fraction solubles, ws, and fraction of cross-links P(x3) for the system
Az + BlwB2 (Figure 2).

The quantity P(Fs°") can also be used to calculate the
proportion of effective cross-links. An Ay unit is an effective
cross-link of degree n (denoted X, ) if exactly n of its arms lead
to the infinite network,

P(Xp) = (1)1 = P(Fycut))n(P(F pout))f=n (31)

As in our earlier work? these quantities can be used to predict
elastic modulus. The above quantities are plotted in Figure
7 for several different ratios of the rate constants, p, for the
system Ag + BLl~B2 Note that the effect as with M, is largest
around pgel.

Now we consider postgel properties of the system Ay + Ay
+ By, eq 2:

P(Fpovt) =1 = g; + q;P(Fg™)
P(FBin) = P(FBout)

i1=1,2,3

P(Fgout) =

3
(ag/f) ;1 hiqiP(Fa;iim) + (1 = a5) q1P(Fap'™)

1—-pg+ps ;
(af/f) 2 higi + (1 — ap)qo
=1

3 . .
=1-rpa+t r(af/f) Z hiQiP(FAf () + (1 - af)qlp(FAEIm)
=1

3
P(FAfiin) = Hl P(Fyou) hj/P(FAiOUt)
j=
P(FAzlm) = P(F 51°Ut) (32)

Solving eq 32 for the special case hy = f ~ 1, ho =1, h3 =0
(only one unequally reactive group on the A) P(Fgou) satis-
fies the equation

x =1=rpa+rg/)(1 = q1+ q)2(f — g1 — fq1q2
+ g2+ fq1gex] + (1 —ap)q1(1 — g1 + q1x)  (33)

The right-hand side of eq 33 is convex increasing and by an
argument familiar in the theory of branching processes it will
have at most one root between 0 and 1 and it can be found
numerically. In fact it is possible to solve eq 32 numerically
for P(Fgow). Then

P(Faiout) =1 — g; + q;P(Fgo™t)
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Using this we can compute average properties:

Wg =

3
MAfAfHP(FAiOUt)h‘ + MAZAQP(FAl()Ut)Z + MBZBZP(FBout)2
i=1

MA/A,' + Ma,Az + Mp,By
(34)

and

P(X) = I1 (1= P(Fxet)h (35)
i=1

for example. A general formula for P(X,,), n <, is compli-
cated, but for specific examples it is easy to apply. As before
the g;’s can be determined in terms of p4 and consequently
these postgel average parameters can be determined as
functions of pa. We have computed the special cases of Az +
Bs. An example of the latter is polyurethane formation from
1,6-hexane diisocyanate and glycerine. The results for this
system are quite similar to those in Figure 7.
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Appendix

Consider the following general rate expressions for the
disappearance of B! and B2 groups:
dB,!/dt = —k;(B,1)514,~
dB;%/dt = —ka(B,2)524,«
and the conservation relation

B_Bt=A_At

(A1)

where 8y, 82, « = 0.

In general it is impossible to solve eq Al analytically.
However, we only wish to find relations between pa, q1, g2, k1,
and k. Solving each equation for A, gives

1 dB! 1 dB,:?

ki(BDS At ko(B.2)P dt (42)
If 81 = 83 = 1, integrating (A2) from O tot = s gives
log (1 - g4(s)) _ log (1 = ga(s)) (A3)
}131 kg
which is equivalent to
1-qi(s) = (1 = qa(s))krkz = (1 - ga(s))?  (Ad)
If 8; = 1 and B, # 1, integrating (A2) gives
1= (=g 1= U=gyle)i=®

(1 =81k (1~ Ba)ks
Note in eq A5 that if both B! and B2 species react completely
g1 = gz = 1 then eq A5 becomes
11
(1- B0k (1 B8k,

Thus the orders and rates of the reactions must satisfy (1 -
B1)k1 = (1 — Bo)ko. Thusif B, = B2 # 1, then k; = kg and equal
reactivity exists. This result strongly suggests that if the re-
action is other than first order in species B; and nonequal
reactivity is present then either the rate constants, k;, or the
orders, 8;, must change during the reaction. This of course
does happen in actual polymerizations and can be treated if
the k; and/or 3; are available as a function of extent of reac-
tion. To illustrate the approach in this paper we assume 8; =
B; = 1 and thus k; and k; can be independent of extent. We
see then from eq A2-A4 that the relationship between q1, g2,

Average Property Relations for Nonlinear Polymerization 661

k1, and ks is independent of the value of a. Equations 9, 11,
and A4 determine the extent of reaction vector, eq 12.
Throughout this paper we derive average properties as a
function of pa. For system (1) with reaction rates k; and ko
and r = (245 + fAy)/2Bs, it is possible to determine the extent
of reaction vector in terms of ps by solving eq 9, 11, and A4
numerically. This is done with several examples in the
paper.

Now consider system (2). Suppose h; A? units on each A;
react at rate k1, ho A2 units react at rate ko, and the remaining
hs =f — hi — hy A% units on each Ay react at rate k3. All the
A units comprising A; monomers react at rate k;. We shall
denote these units as AL, A2, and A3, respectively. Let pg(t)
and p(t) be defined as above and

=Ai_Ati

q;(t) 2

i=1,2,3 (A6)

Then
q2()hoAr + ga(t)haAs + q1(£)(245 + hyAf)
fAr+ 24,
S-S _
; (z1 hiai(®)) + (1= a)ilt) (AT

where ay = fA;/(fA; + 2A45) is the proportion of A units on Ay
monomers, eq 14, and

A +
pa(t) = f—Lz-Igff‘—sz<t) = rpalt)

Assuming first-order kinetics in A and an arbitrary order in
B gives similar results to eq A1-A4, namely

(1 = qu(t)Vr1 = (1 = go(t))/k2 = (1 — g3(t)) ks (A9)

Equations A7-A9 can be solved numerically to give the extent
of reaction vector

palt) =

(A8)

(PB, 1, 92, G3) (A10)

as a function of pg, for values 0 £ pa < min (1, 1/r), for the
system in eq 2.

The system described in eq 3 is more general. If the jth A
unit on an Ay, monomer reacts at rate k;; and we assume a
first-order reaction in A and arbitrary order in B, and g, ; is
the extent of reaction of A’s in the jth position on A’s,
then

(1= q;(ENVE = (1 = gpp(t))/emn (A11)
k ﬁ: k
palt) = El Apy P ql‘,j/fj‘l fils, (A12)
k
z_tl fiAfio
pB(t) =———pa(t) = rpa(t) (A13)

1
2 8By,
j=1

Using numerical methods it is possible to solve eq A11-A13
for the extent of reaction vector

(P Qi j=1.. f,i=1.. k) (A14)

as a function of p4 if the relative reaction rates are known.

In the above three examples it is only necessary to know the
relative rates of reaction. If it is desired to know the state of
the system as a function of time rather than as a function of
D a then it is necessary to know the absolute rates of reaction.
Furthermore, whereas the state of the system as functions of
Daisindependent of 8 in eq Al, the state as a function of time
will depend on 8.

In the most general case it is possible to have unequal re-
activity on both reactants, unequal A and B groups, or the
homopolymerization of unequally reactive A’s. These cases



662 Pruckmayr, Wu

can become more complicated. We illustrate this with ho-
mopolymerization of Az in which one of the A units reacts
more slowly; denote this unit as A’. In this case AA bonds form
at a rate proportional to A X A, AA’ bond proportional to A
X A’, and A’A’ bonds proportional to A’ X A’. Thus the ki-
netics can be described by

dA,/dt = = 2rgpA,2 — ro1d A%,
dA' /dt = —rg AiA7: — 2r A2
dAA,/dt = +rgod;?
dAA’/dt = +ro1A, A
dA’A’/dt = rj A2

(A15)

These equations must be solved numerically for the five
quantities Ay, A’;, AA;, AA’;, and A’A’;. Note that 4, + 24 A,
+ AA’; = Agand A’; + AA’; + 24’A’; = A’y Let qpo(t) equal
the proportion of A units which have reacted with other A
units and g1 (¢) equal the proportion of A units which have
reacted with A’ units; define g11(¢) and gyo(t) analogously.
Then

qoolt) = 2AA;/Ao

qoi(t) = AA’t/Ao
qui(t) = 24’A" /A’y

q0(t) = AA"/A'

(A16)

Macromolecules

_2AA + 2AA + 24N

A
¢ Ao+ A%

It is possible to numerically calculate the extent of reaction
vector

{Qoo0, go1, 911, G10) (A17)

as a function of p. These values can be used in eq 23.
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Polymerization of Tetrahydrofuran by Proton Acids
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ABSTRACT: The mechanism for the polymerization of tetrahydrofuran with strong proton acid initiators has been
investigated. Nonhydrolyzable acids such as trifluoromethanesulfonic acid lead to very high molecular weight poly-
mer by a combination of chain coupling-ring opening steps. Hydrolyzable proton acids, such as the halosulfonic
acids, lead to polymeric species of lower molecular weight through mono- and dialky! sulfate formation. Sulfate for-
mation is normally irreversible and slower than chain propagation, causing molecular weights to go through a maxi-
mum. Such polymerizations are not “living”, but “slowly dying”, the rate of termination depending on the polymer-

ization conditions.

The equilibrium polymerization of tetrahydrofuran
(THF) with alkyl esters of trifluoromethanesulfonic acid
(triflic acid) or fluorosulfonic acid as initiators has recently
been investigated in great detail.3-6 These systems are gen-
erally considered to be “living” polymerizations, although
chain transfer and cyclization reactions do occur.”

.
R—(-—OCHZCH_,CH2CH2—)H—O<]
CF,S0,”

+
THF
&—* R—OCH,CH,CH,CH,>——0 \
-THF (n+1)

CF,S0;™
0024-9297/78/2211-0662$01.00/0

Much less has been reported on polymerization of THF with
free proton acid initiators.® The mechanism of polymerization
with proton acids is less straightforward than with initiation
by alky! esters, and some contradictory papers have been
published over the years,3-11

Chlorosulfonic acid and fluorosulfonic acid were among the
earliest examples of catalysts for the cationic ring opening
polymerization of THF.12 Meerwein reported the formation
of alkyl sulfate esters during polymerization with chlorosul-
fonic acid initiation and discussed the necessity for hydrolysis
of such esters in order to obtain hydroxy terminated poly-
mer.13

The present paper investigates in more detail the alkyl
sulfate ester formation during polymerization of THF and
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